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COMBINATORICS AND N-KOSZUL ALGEBRAS
Roland BERGER
1
in honour of Mihel Dubois-Violette
Abstrat
The numerial Hilbert series ombinatoris for quadrati Koszul alge-
bras was extended toN-Koszul algebras by Dubois-Violette and Popov [9℄.
In this paper, we give a striking appliation of this extension when the
relations of the algebra are all the antisymmetri tensors of degree N over
given variables. Furthermore, we present a new type of Hilbert series om-
binatoris, alled omodule Hilbert series ombinatoris, and due to Hai,
Kriegk and Lorenz [15℄. When the relations are all the antisymmetri ten-
sors, a natural generalization of the MaMahon Master Theorem (MMT)
is obtained from the omodule level, the original MMT orresponding to
N = 2 and to polynomial algebras.
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1 Introdution
At the beginning of 1950's, Koszul showed a remarkable homologial property
of polynomial algebras, and this property was used by Priddy in 1970 for den-
ing Koszul algebras. Besides polynomial algebras, examples of Koszul algebras
ome from various areas suh as topology (Steenrod algebra), algebrai geom-
etry (Grassmannians, ag varieties), quantum groups (quantum spaes, quan-
tum matries), non-ommutative algebrai geometry (quadrati Artin-Shelter
regular algebras suh as Sklyanin algebras). For Koszul algebras in algebrai
geometry (resp. in quantum groups), the reader may onsult [10℄ Exerise 17.22
(resp. [20℄).
In Priddy's denition, a Koszul algebra A is graded, and more preisely
quadrati i.e., the generators (resp. the relations) of A are homogeneous of
degree 1 (resp. 2). Manin's monography [20℄ is an exellent introdution to
quadrati algebras, inluding the fundamental observation that quadrati al-
gebras form a good ategory for making non-ommutative algebrai geometry.
A more reent and more omplete referene onerning quadrati algebras is
the book by Polishhuk and Positselski [21℄. If in the denition of quadrati
algebras the relations are homogeneous of degree N (N ≥ 2), we get the
lass of N -homogeneous algebras [5℄. So quadrati algebras oinide with 2-
homogeneous algebras in the new terminology. We also say ubi algebras in-
stead of 3-homogeneous algebras.
In [3℄, we introdued a denition of Koszulity for N -homogeneous algebras
(see below Denition 2.1), and the so-obtained algebras are said to be N -Koszul
(we hope that this notation does not onit with the notation used in [21℄ for
quadrati algebras whih are Koszul up to a given homologial degree). Our
motivating example was provided by the ubi Artin-Shelter regular algebras
of global dimension 3. It is lear from the disussion initiating the lassiation
work of Artin and Shelter [1℄ that the minimal projetive resolution of suh
a regular algebra satises an analog of the remarkable homologial property
disovered by Koszul for polynomial algebras. This analog takes into aount
the replaement of 2 by N through ertain jumps in the internal degrees. The
sequene of these internal degrees is just the following :
0, 1, N, N + 1, 2N, 2N + 1 . . .
In [3℄, we gave a lass of N -Koszul algebras for all integers N ≥ 2, oiniding
with polynomial algebras when N = 2. This lass is formed by the antisym-
metrizer algebras whose relations are all the antisymmetri tensors of degree
N over n variables with 2 ≤ N ≤ n. Antisymmetrizer algebras have probably
some deep links with representation theory. Atually, sympleti reetion al-
gebras [11℄ an be extended to the non-quadrati ase (i.e. to N > 2) in suh
a way that a PBW theorem still holds, and the extension is preisely realized
by the antisymmetrizer algebras [6℄. Other important examples of N -Koszul
algebras ome from theoretial physis suh as the Yang-Mills algebras due to
Dubois-Violette and Connes [7, 8℄, or from logi and ombinatorial ring theory
via Gerasimov's theorem [4℄.
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Koszul duality is an important feature of quadrati Koszul algebras and
plays a ruial role in operad theory [14℄ or in representation theory [2℄. In
this paper, we emphasize Koszul duality from a ombinatorial point of view.
The rst elementary onnetion between Koszul duality and ombinatoris is
probably the omputation of the Hilbert series of a polynomial algebra as the
inverse of the Hilbert series of the orresponding Grassmann algebra, and suh
a onnetion beame rapidly lear for any quadrati Koszul algebra A (see [21℄
and referenes therein). In some irumstanes, there is a ombinatorial inter-
pretation of the Hilbert series of A and the Koszul duality allows to ompute
immediately the ombinatorial data thanks to the dual Koszul algebra A!. This
method to ompute some ombinatorial data by using Hilbert series of adapted
graded algebras is alled the numerial Hilbert series ombinatoris.
The numerial Hilbert series ombinatoris holds for any N -Koszul algebra,
as proved by Dubois-Violette and Popov [9℄ (see also [19℄). We shall explain
below in Setion 2 the result of Dubois-Violette and Popov. We shall illustrate
their formula by the antisymmetrizer algebras, obtaining a beautiful ombina-
torial identity. When N = 2, the identity is well-known, while it does not seem
to be available in the literature when N > 2.
Surprisingly, the numerial Hilbert series ombinatoris is linked to the
MaMahon Master Theorem (MMT), and this link is situated at a rather so-
phistiated oneptual level. The MMT is a elebrated result in ombinatoris,
having a long history and subjet to a lot of various proofs. Reently, Hai and
Lorenz showed that the MMT is a onsequene of another type of Hilbert series
ombinatoris [16℄, whih is based on the Grothendiek ring of omodules over
Manin's bialgebra of any 2-Koszul algebra (speialized to a polynomial algebra
if we want to reover the original MMT). This new type of Hilbert series ombi-
natoris an be alled omodule Hilbert series ombinatoris. Comodule Hilbert
series ombinatoris redues to numerial Hilbert series ombinatoris by taking
the dimension of omodules (omodules are assumed to be nite-dimensional as
vetor spaes). More reently, Hai, Kriegk and Lorenz showed that omodule
Hilbert series ombinatoris holds for any N -Koszul algebra (or superalgebra as
well) [15℄, inluding ertain expliit ombinatorial appliations (see also [12℄).
We shall present in Setion 3 the work of Hai, Kriegk and Lorenz, in parti-
ular their omodule identity. The omodule identity is redued to the numerial
identity of Dubois-Violette and Popov by taking the dimension. From the o-
module identity, a matrix identity is derived, providing the so-alled Koszul
Master Theorem. These identities will be expressed expliitly in some striking
situations, inluding the ase of antisymmetrizer algebras. Aording to Etingof
and Pak [12℄, a diret bijetive proof of the so-obtained identities does not seem
to be available in the literature. It is worth notiing that the oneptual ap-
proah of Hai, Kriegk and Lorenz allows to inlude the super ase as well, by
mixing even and odd variables.
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2 Numerial Hilbert series ombinatoris
The link between ombinatoris and Koszul algebras is expressed by duality
formulas
(a Hilbert series associated to A)×
(a Hilbert series associated to A!) = 1
where A is a Koszul algebra and A! is the dual algebra. Duality formulas are
onsequenes of the Euler-Poinaré identity in a suitable ategory. Aording
to the ategory, this leads to the numerial Hilbert series ombinatoris or to
the omodule Hilbert series ombinatoris.
Koszul algebras are based on a omplex introdued by Koszul during the
1950's. The data are the following: V is a C-vetor spae with a basis x1, . . . , xn,
A = S(V ) is the polynomial algebra in x1, . . . , xn, A
! = Λ(V ∗) is the Grassmann
algebra in x1, . . . , xn (the dual basis). Then the Koszul omplex of A is dened
by
· · · → S(V )⊗ Λℓ(V )
dℓ−→ S(V )⊗ Λℓ−1(V )→ · · · ,
where for any u1, . . . , uk, v1, . . . , vℓ in V ,
dℓ((u1 . . . uk)⊗ (v1 ∧ . . . ∧ vℓ))
=
∑
1≤j≤ℓ
(−1)j+1(u1 . . . ukvj)⊗ (v1 ∧ . . .
∨
vj . . . ∧ vℓ).
Koszul showed that the homology of his omplex is 0 in any degree ℓ > 0.
So for any m > 0 the subomplex dened by k + ℓ = m:
· · · → Sk(V )⊗ Λℓ(V )
dℓ−→ Sk+1(V )⊗ Λℓ−1(V )→ · · ·
is exat and of nite length. Applying the Euler-Poinaré identity relatively to
the dimension map, we get
∑
k+ℓ=m
(−1)kdimSk(V ) · dimΛℓ(V ) = 0,
providing the well-known ombinatorial identity
∑
k+ℓ=m
(−1)k
(
n+ k − 1
k
)(
n
ℓ
)
= 0. (2.1)
Dening the Hilbert series
HA(t) =
∑
k≥0
dimSk(V ) tk,
HA!(t) =
∑
ℓ≥0
dimΛℓ(V ∗) tℓ,
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all that is enoded in the single formula
HA(t) ·HA!(−t) = 1.
Notie that A = S(V ) = T (V )/(R), where T (V ) is the free algebra in
x1, . . . , xn and R is the subspae of V ⊗ V generated by xi ⊗ xj − xj ⊗ xi,
1 ≤ i < j ≤ n, and A! = Λ(V ∗) = T (V ∗)/(R⊥), where R⊥ is the subspae
of V ∗ ⊗ V ∗ orthogonal to R for the natural pairing between V and V ∗. In
both ases, (R) and (R⊥) denote the two-sided ideal generated by R and R⊥
respetively.
This setting extends naturally as follows: V is any C-vetor spae, N is an
integer ≥ 2, R is a subspae of V ⊗N , A = T (V )/(R). Then A is a graded
algebra, alled an N -homogeneous algebra over V . So A! = T (V ∗)/(R⊥) is an
N -homogeneous algebra over V ∗. Under these assumptions, the Koszul omplex
K(A) of A is dened and starts as
· · · → A⊗R→ A⊗ V → A→ 0,
where the dierential ontinues by inreasing the internal degree of 1 or N − 1
alternately. More preisely, if the jump map νN : N→ N is dened by
νN (2i) = Ni and νN (2i+ 1) = Ni+ 1 for i ∈ N,
then K(A) is the omplex
· · · → A⊗A!∗νN (ℓ)
dℓ−→ A⊗A!∗νN (ℓ−1) → · · · ,
with natural arrows.
Denition 2.1 The N -homogeneous algebra A is said to be Koszul if the ho-
mology of K(A) is 0 in any degree ℓ > 0.
The following theorem is due to Dubois-Violette and Popov [9℄.
Theorem 2.2 For any N -Koszul algebra A suh that the C-vetor spae V is
nite-dimensional, we have
HA(t) ·

∑
ℓ≥0
(−1)ℓdim(A!νN (ℓ)) t
νN (ℓ)

 = 1.
It is a onsequene of the Euler-Poinaré identity applied on eah subomplex
of K(A) orresponding to a xed total degree. This formula was well-known for
N = 2 (Priddy, Bakelin, Fröberg, Löfwall).
Warning. For N = 2, A Koszul ⇒ A! Koszul. But it is no longer true for
N > 2, e.g., for the Yang-Mills algebras (see Kriegk's thesis). Moreover we have
only a part of A! in the formula.
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Explanation. The good dual of A is the Yoneda algebra E(A) of A and we
have E(A)ℓ ∼= A
!
νN (ℓ)
when A is N -Koszul. In this ase, E(A) is an A∞-algebra
having only two produts, and the dual of the A∞-algebra E(A) is A (see [17℄).
Let us give a ombinatorial appliation of the duality formula
HA(t) ·

∑
ℓ≥0
(−1)ℓdim(A!νN (ℓ)) t
νN (ℓ)

 = 1,
when A is the N -antisymmetrizer algebra in x1, . . . , xn:
A =
C〈x1, . . . , xn〉
(
∑
σ sgn(σ) xiσ(1) . . . xiσ(N) ; 1 ≤ i1 < · · · < iN ≤ n)
where 2 ≤ N ≤ n. For N = 2, A is the polynomial algebra in x1, . . . , xn. The
following was proved in [3℄.
Proposition 2.3 1) A is Koszul,
2) the set of the admissible monomials (i.e. monomials not ontaining any
N -desent xj1 . . . xjN , j1 > · · · > jN ) is a linear basis of A,
3) dim(A!m) = n
m
if 0 ≤ m ≤ N − 1,
(
n
m
)
if N ≤ m ≤ n, 0 if m > n.
Denote by L(n,N, k) the number of the admissible monomials of degree k.
So ∑
k≥0
L(n,N, k) tk = HA(t),
and the duality formula gives the beautiful ombinatorial identity
∑
k≥0
L(n,N, k) tk
=
(
1− nt+
(
n
N
)
tN −
(
n
N + 1
)
tN+1 +
(
n
2N
)
t2N −
(
n
2N + 1
)
t2N+1 + · · ·
)−1
The RHS is the inverse of a polynomial whose degree is equal to 2q if r = 0 and
to 2q + 1 otherwise, where n = qN + r, 0 ≤ r < N . For N = 2, we reover the
well-known ombinatorial identity (2.1) given at the beginning.
Question (Pak). Find a ombinatorial proof when N > 2.
3 Comodule Hilbert series ombinatoris
It is due to Hai, Kriegk and Lorenz [15℄. These authors provide for eah N -
Koszul superalgebra A a matrix ombinatorial identity. If A is the polynomial
algebra in x1, . . . , xn, then the MaMahon Master Theorem is reovered. For
simpliity, we don't onsider the super ase. The setting is the following: V is a
C-vetor spae with a basis x1, . . . , xn, R is a subspae of V
⊗N
where N ≥ 2 is
xed, A = A(V,R) is the assoiated N -homogeneous algebra, A! = A(V ∗, R⊥)
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is the dual N -homogeneous algebra. The key ingredient is Manin's bialgebra
end(A) due to Manin if N = 2 [20℄, and extended to N > 2 in [5℄.
Manin's bialgebra end(A) is dened as being the N -homogeneous algebra
end(A) = A! •A = A(V ∗ ⊗ V,R⊥ ⊗R)
endowed with the oprodut ∆ : end(A)→ end(A)⊗ end(A) given by
∆(zji ) =
∑
k
zki ⊗ z
j
k , where z
j
i := x
j ⊗ xi.
Moreover A is a left end(A)-omodule dened by δ : A → end(A) ⊗ A where
δ(xi) =
∑
j z
j
i ⊗ xj , and δ is an algebra map.
Warning. If A is the polynomial algebra in x1, . . . , xn, end(A) is not om-
mutative. In fat, we have only the following relations in eah submatrix(
a b
c d
)
: ac = ca, bd = db, [a, d] = [c, b].
Thus some relations are missing to get the ommutative spae End(V ).
The main idea is that Manin's bialgebra is suient to derive the MaMahon
Master Theorem. The following fundamental observation is due to Hai, Kriegk
and Lorenz [15℄.
Proposition 3.1 The Koszul omplex K(A) and all its homogeneous parts
K(A)m (for the total degree m) are omplexes of left end(A)-omodules. The
omplex K(A)m is as follows
· · · → Ak ⊗A
!∗
νN (ℓ)
dℓ−→ Ak+νN (ℓ)−νN (ℓ−1) ⊗A
!∗
νN (ℓ−1)
→ · · ·
where k + νN (ℓ) = m.
Let C be the ategory of left end(A)-omodules whih are nite-dimensional
as vetor spaes. Let K0(C) be the Grothendiek ring of C. Assume that A is
Koszul. Then the Euler-Poinaré identity applied to the exat omplex K(A)m
in C gives for any m > 0
∑
k+νN (ℓ)=m
(−1)ℓ [Ak] · [A
!∗
νN (ℓ)
] = 0.
For every objet M of C, [M ] denotes the lass of M in the Grothendiek ring
of C.
Dene the following Poinaré series in K0(C)[[t]]
PA(t) =
∑
k≥0
[Ak] t
k,
PA!∗,N (−t) =
∑
ℓ≥0
(−1)ℓ [A!∗νN (ℓ)] t
νN (ℓ).
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Theorem 3.2 (Hai, Kriegk, Lorenz) If A is N -Koszul, then the following o-
module identity holds
PA(t) · PA!∗,N(−t) = 1.
In order to reover the numerial identity of Dubois-Violette and Popov, it
sues to apply dim : K0(C)→ Z. Now we want to go from the omodule iden-
tity to a matrix identity living in Manin's bialgebra (instead of the Grothendiek
ring). It is realized by the harater map
χ : K0(C)→ end(A), [M ] 7→ χM .
Here χM is the image of δM under the natural omposite map (where Tr is the
trae)
Hom(M, end(A)⊗M) ∼= end(A)⊗M ⊗M∗
Id⊗Tr
−→ end(A).
Then χ is a ring map and we have the ommutative diagram of ring maps
K0(C)
dim

χ
// end(A)
counit

Z
can
// C
Transporting the omodule identity from K0(C)[[t]] to end(A)[[t]] by χ, Hai,
Kriegk and Lorenz get the following matrix identity, alled the Koszul Master
Theorem (KMT).
Theorem 3.3 If A is N -Koszul, we have

∑
k≥0
χ(Ak) t
k



∑
ℓ≥0
(−1)ℓχ(A!∗νN (ℓ)) t
νN (ℓ)

 = 1.
To reover the MaMahon Master Theorem, we use the notations introdued
by Garoufalidis, Lè, Zeilberger [13℄: xm = xm11 . . . x
mn
n for m = (m1, . . . ,mn) ∈
Nn, Xm = Xm11 . . . X
mn
n where Xi =
∑
j z
j
i ⊗ xj , G(m) is the oeient of
xm in Xm, Z is the n × n matrix with entries zji . Moreover, the bosoni and
fermioni sums are dened by
Bos(Z) =
∑
k≥0
∑
|xm|=k
G(m) tk,
Ferm(Z) =
∑
0≤ℓ≤n
∑
J⊂{1,...,n},|J|=ℓ
(−1)ℓ det(ZJ )t
ℓ.
Then the KMT for the polynomial algebra in x1, . . . , xn is equivalent to
Bos(Z) · Ferm(Z) = 1,
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from whih the original MMT is dedued: for any omplex n× n matrix Z,
∑
m∈Nn
G(m) tm11 . . . t
mn
n = (det(In − ZT ))
−1
where T is the diagonal matrix with t1, . . . , tn in the diagonal.
The very general setting of the KMT allows to get eortless other examples
with the same oneptual method, and ertain examples are new:
1) If A is the quantum spae xjxi = qijxixj , 1 ≤ i < j ≤ n, Hai, Kriegk and
Lorenz reover the q-MT obtained by Garoufalidis, Lè, Zeilberger [13℄ in 2005
(for the one-parameter ase) and by Konvalinka, Pak [18℄ in 2006 (for the multi-
parameter ase). It is quite surprising that Andrews' problem (1975) asking for
a q-analog of MMT was solved only thirty years later, while the quantum spae
was known sine the 1980's. For a very interesting historial review on the
subjet of the non-ommutative MaMahon master theorems, the reader may
onsult [18℄.
2) When A is theN -antisymmetrizer algebra, Hai, Kriegk and Lorenz reover
the N -MT obtained by Etingof and Pak [12℄ in 2006. The notations are the
same as previously; moreoverG(i1, . . . , ik) denotes the oeient of xi1 . . . xik in
Xi1 . . . Xik , and Λ(n,N)k denotes the set of admissible sequenes i = (i1, . . . , ik),
i.e., without N -desents. Then the N -MT is the following
∑
i∈Λ(n,N)k,k≥0
G(i) ti1 . . . tik =

 ∑
0≤r≤n,r≡0,1(N)
(−1)r−0,1cr(ZT )


−1
where det(λIn −ZT ) =
∑
0≤r≤n cr(ZT )λ
n−r
is the expansion of the harater-
isti polynomial of the matrix ZT .
3) Hai, Kriegk and Lorenz obtain the superversion of 2), answering to
a question by Konvalinka and Pak [18℄. Now x1, . . . , xp are even (ˆi = 0),
xp+1, . . . , xp+q=n are odd (ˆi = 1), Λ(p, q,N)k is the set of superadmissible se-
quenes i = (i1, . . . , ik) and iˆ = iˆ1 + · · · + iˆk. Then the super N -MT is the
following
∑
i∈Λ(p,q,N)k,k≥0
(−1)iˆG(i) tk =

 ∑
r≡0,1(N)
(−1)0,1er(Z) t
r


−1
where ber(In + tZ) =
∑
r≥0 er(Z)t
r
is the expansion of the Berezinian (or
superdeterminant) of the matrix In + tZ.
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